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A Stein manifold is said to have the density property if the Lie algebra generated by
all complete holomorphic vector fields is dense in the Lie algebra of all holomorphic
vector fields. This class of manifolds were first introduced by Varolin [Var01] and they
in particular contain many biholomorphic images of Cn (where n the dimension of the
manifold). We have seen that there are nontrivial examples of complex manifolds with
the density property, such as C∗ × C and others, but the complex Euclidean space is
the only contractible example that we know.

Conjecture 1. (Toth-Varolin [TV00]) Affine spaces Cn are the only contractible Stein
manifolds with the density property.

This is still a wide open problem and surprisingly we can not give an answer even
for some explicit manifolds. An interesting example is the Koras-Russell cubic R, a
hypersurface in C4 defined as a zero set of P (x, y, z, w) = x + x2y + z2 + w3. Complex
manifold R is diffeomorphic to C3 but not algebraically isomorphic to C3, see [ML96].
Recently it was proven by Leuenberger [Leu15] that R has the density property, but
we do not know whether R is biholomorphic to C3.

Theorem 2. Let X be a Stein manifold with the density property. Then X is biholo-
morphic to Cn if and only if X can be exhausted with Runge images of the ball.

Proof. The idea of the proof follows closely the proof of [Wol05, Proposition 3.]. Let X
be a Stein manifold with the density property and suppose that it has an exhaustion by
Runge compact sets Kj ⊂ IntKj+1 which are biholomorphic to the ball. Let Bj denote
the closed ball centered at the origin in Cn with radius j. We inductively construct
a sequence of biholomorphisms that converges to a biholomorphic map Φ : X → Cn.
Since K1 is Runge and biholomorphic to a ball and X has the density property, there
exist a Fatou-Bieberbach domain Ω1 ⊂ X which is Runge in X and contains K1, see
[RR88, FR14]. To start the induction, let ϕ1 : Ω1 → Cn be any Fatou-Bieberbach
map. Assume that we have constructed biholomorphic maps ϕj : Ωj → Cn and we
have chosen indexes ij satisfying:

(1) ||ϕj − ϕj−1|| < εj−1 on Kj−1, (j > 1)
(2) ||ϕ−1

j − ϕ−1
j−1|| < εj−1 on Bij−1

, (j > 1)
(3) ϕj(Kj) ⊂ Bij ,

where εj > 0 and j = 1, 2, . . . , k.
We need to construct a biholomorphic map ϕk+1 that is close to ϕk on Kk and such

that their inverses are close on Bik .
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Since Kj exhaust X, there exist a j > k such that ϕ−1
k (Bik) ⊂ Kj, and we may

assume by passing to a subsequence of Kj that j = k + 1. Since Kk+1 is Runge
and biholomorphic to a ball and X has the density property, there exists a Fatou-
Bieberbach domain Ωk+1 ⊂ X which is Runge in X and contains Kk+1. Let Φk+1 :
Ωk+1 → Cn be any Fatou-Bieberbach map. Since Kk and ϕ−1

k (Bik) are Runge in Ωk+1,
we can first approximate Φ−1

k+1 ◦ ϕk on Kk by an automorphism Fk+1 ∈ Aut(Ωk+1),

see [AL92, Wol05], and finally we can approximate (Φk+1 ◦ Fk+1) ◦ ϕ−1
k on Bik by an

automorphism Gk+1 ∈ Aut(Cn), to obtain ϕk+1 = G−1
k+1 ◦ Φk+1 ◦ Fk+1 satisfying

(1) ||ϕk+1 − ϕk|| < εk+1 on Kk

(2) ||ϕ−1
k+1 − ϕ−1

k || < εk+1 on Bik .

We finish the induction by choosing an integer ik+1 > ik satisfying
ϕk+1(Kk+1) ⊂ Bik+1

.
In this way we get an infinite sequence of biholomorphic maps ϕk : Ωk → Cn. If εk+1

are chosen to be summable, we have that the sequence of {ϕk} converges uniformly on
compact subsets of Ω to a holomorphic map Φ : Ω→ Cn.

By choosing εk+1’s small enough we can guaranty that Φ is non-degenerate at every
point, hence it is one-to-one. By Theorem 5.2 from [DE86] the sequence of {ϕ−1

k }
converges uniformly to an inverse map Φ−1 and since this sequence converges on every
closed ball in Cn we must have Φ(Ω) = Cn. �
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[FR14] F. Forstnerič and T. Ritter. Oka properties of ball complements. Math. Z., 277(1-2):325–338,

2014.

[Leu15] M. Leuenberger. (volume) density property of some complex manifolds given by x2y = a(z)+

xb(z). Preprint, arXiv:1507.03842, 2015.

[ML96] L. Makar-Limanov. On the hypersurface x + x2y + z2 + t3 = 0 in C4 or a C3-like threefold

which is not C3. Israel J. Math., 96(part B):419–429, 1996.

[RR88] J. P. Rosay and W. Rudin. Holomorphic maps from Cn to Cn. Trans. Amer. Math. Soc.,

310(1):47–86, 1988.

[TV00] A. Toth and D. Varolin. Holomorphic diffeomorphisms of complex semisimple Lie groups.

Invent. Math., 139(2):351–369, 2000.

[Var01] D. Varolin. The density property for complex manifolds and geometric structures. J. Geom.

Anal., 11(1):135–160, 2001.

[Wol05] E. F. Wold. Fatou-Bieberbach domains. Internat. J. Math., 16(10):1119–1130, 2005.


